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s❝❛✛♦❧❞✐♥❣ ♣r♦❜❧❡♠ ✐s ◆P✲❝♦♠♣❧❡t❡ ❛♥❞ s❡✈❡r❛❧ ❤❡✉r✐st✐❝s ❤❛✈❡ ❜❡❡♥
♣r♦♣♦s❡❞ ❬✶✽✱✶✶❪✳ ❍♦✇❡✈❡r✱ ✐t ♠❛② ❛♣♣❡❛r ✉♥s❛t✐s❢❛❝t♦r② t♦ ♣❡r❢♦r♠
♣❛✐r❡❞ ❛ss❡♠❜❧② ✉s✐♥❣ ❣r❛♣❤ s✐♠♣❧✐✜❝❛t✐♦♥ ♦r s❝❛✛♦❧❞✐♥❣✱ ❛s s✉❝❤
❛♣♣r♦❛❝❤ r❡q✉✐r❡s t♦ s♦❧✈❡ ✉♥♣❛✐r❡❞ ❛ss❡♠❜❧② ❜❡❢♦r❡❤❛♥❞✱ ✇❤✐❝❤ ❡s✲
s❡♥t✐❛❧❧② ✐❣♥♦r❡s ❤❡❧♣❢✉❧ ♣❛✐r✐♥❣ ❝♦♥str❛✐♥ts✳
Pr❡✈✐♦✉s r❡s❡❛r❝❤ ❤❛s ❡①♣❧♦r❡❞ t❤❡ ❜❡♥❡✜ts ♦❢ ✉s✐♥❣ ♣❛✐r❡❞✲❡♥❞
r❡❛❞s ❞✉r✐♥❣ ❝♦♥t✐❣s ❝♦♥str✉❝t✐♦♥✳ ❚❤❡ ❆r❛❝❤♥❡ ❛ss❡♠❜❧❡r s❡❛r❝❤❡s
❢♦r ♣❛✐rs ♦❢ ♣❛✐r❡❞ ❙❛♥❣❡r r❡❛❞s ✇❤❡r❡ ❜♦t❤ ♠❛t❡s ♦✈❡r❧❛♣ t♦ ❝♦♥✲
str✉❝t ❝♦♥t✐❣s ❬✷❪✳ ❚❤❡ ❙❤♦rt② ❛ss❡♠❜❧❡r ✉s❡s ♣❛✐r✐♥❣ ✐♥❢♦r♠❛t✐♦♥
t♦ ❣r❡❡❞✐❧② ❝♦♥str✉❝t ❝♦♥t✐❣s ❢r♦♠ ♣❛✐r❡❞ r❡❛❞s ❛♥❝❤♦r❡❞ t♦ ❧♦♥❣
r❡❛❞s ❬✶✵❪✳ P❊✲❆ss❡♠❜❧❡r ❡①t❡♥❞s ❝♦♥t✐❣s ❣r❡❡❞✐❧② ❛♥❞ ❛tt❡♠♣ts t♦
r❡s♦❧✈❡ ❛♠❜✐❣✉♦✉s ❡①t❡♥s✐♦♥s ✉s✐♥❣ ♣❛✐r❡❞ r❡❛❞s ❛♥❝❤♦r❡❞ ♥❡❛r❜② ❬✶❪✳
▼❡❞✈❡❞❡✈ ❡t ❛❧✳ r❡❝❡♥t❧② ✐♥tr♦❞✉❝❡❞ t❤❡ ♣❛✐r❡❞ ❞❡ ❇r✉✐❥♥ ❢♦r♠❛❧✐s♠✱
✇❤✐❝❤ ✐♥❝♦r♣♦r❛t❡s ♣❛✐r✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ❞❡ ❇r✉✐❥♥ ❣r❛♣❤ ❬✶✹❪✳
❉♦♥♠❡③ ❡t ❛❧✳ ❛❧s♦ r❡❝❡♥t❧② ♣r♦♣♦s❡❞ ❛♥ ❛♣♣r♦❛❝❤ t♦ tr❛♥s❢♦r♠ ❛
str✐♥❣ ❣r❛♣❤ ✐♥t♦ ❛ ♠❛t❡✲♣❛✐rs ❣r❛♣❤ ❬✼❪✳ ❊❛❝❤ ♦❢ t❤❡s❡ ❛♣♣r♦❛❝❤❡s
❛✐♠ t♦ r❡s♦❧✈❡ r❡♣❡❛ts ✇❤❡♥ ❝♦♥str✉❝t✐♥❣ ❝♦♥t✐❣s✳ ❖✉r ❛♣♣r♦❛❝❤ ✐s
❡ss❡♥t✐❛❧❧② ❞✐✛❡r❡♥t ❛s ✐t ✉s❡s ♣❛✐r❡❞ r❡❛❞s ❢♦r ❞✐r❡❝t s❝❛✛♦❧❞ ❝♦♥✲
str✉❝t✐♦♥✳ ❖♥❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ✐s t❤❛t ♠✐ss✐♥❣ r❡❛❞ ♦✈❡r❧❛♣s ✭♣♦ss✐✲
❜❧② ❞✉❡ t♦ s❡q✉❡♥❝✐♥❣ ❛rt❡❢❛❝ts✱ s✉❝❤ ❛s ❝♦✈❡r❛❣❡ ❣❛♣s ♦r ❧♦❝❛❧✐③❡❞
❡rr♦rs✮ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❣❛♣s ✐♥ s❝❛✛♦❧❞s✱ ✇❤❡r❡❛s t❤❡② ✇♦✉❧❞
♥❡❝❡ss❛r✐❧② ✐♥t❡rr✉♣t ❝♦♥t✐❣s✳ ◆♦t❡ t❤❛t ❛❧❧ ♠❡t❤♦❞s✱ ✐♥❝❧✉❞✐♥❣ ♦✉rs✱
❞♦ ♥♦t ✐♠♣❧❡♠❡♥t ♠❡❝❤❛♥✐s♠s t♦ r❡s♦❧✈❡ r❡♣❡t✐t✐♦♥s ❧♦♥❣❡r t❤❛♥ t❤❡
✐♥s❡rt s✐③❡✳
■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ❛ss❡♠❜❧② ♦❢ ♣❛✐r❡❞ r❡❛❞s ✐s ❢♦r♠❛❧✐③❡❞ ✉s✲
✐♥❣ t❤❡ ♣❛✐r❡❞ str✐♥❣ ❣r❛♣❤ r❡♣r❡s❡♥t❛t✐♦♥✳ ■t ✐s s❤♦✇♥ t❤❛t s❝❛✛♦❧❞s
❝♦rr❡s♣♦♥❞ t♦ ♣❛t❤s ✐♥ t❤❡ ❣r❛♣❤ ✉♥❞❡r ✐❞❡❛❧ s❡q✉❡♥❝✐♥❣ ❝♦♥❞✐t✐♦♥s✳
❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡s❡ ♣❛t❤s ✐s t❤❡♥ r❡✜♥❡❞ t♦ ❛❝❝♦✉♥t ❢♦r s❡q✉❡♥❝✐♥❣
❡rr♦rs ❛♥❞ ❜✐♦❧♦❣✐❝❛❧ ✈❛r✐❛♥ts✳ ■♥ s❡❝t✐♦♥ ✸✱ ❛ ♣r♦t♦t②♣❡ ✐♠♣❧❡♠❡♥t❛✲
t✐♦♥ ♦❢ ♣❛t❤ ❝♦♥str✉❝t✐♦♥ ✐s ❛♣♣❧✐❡❞ t♦ s✐♠✉❧❛t❡❞ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧
s❡q✉❡♥❝✐♥❣ ❞❛t❛✳ ❆ ❝♦♠♣❛r✐s♦♥ ✐s ♠❛❞❡ ✇✐t❤ t✇♦ ♦t❤❡r ♣♦♣✉❧❛r ❛s✲
s❡♠❜❧❡rs✱ ✉s✐♥❣ r❡❧❡✈❛♥t ❛ss❡♠❜❧② q✉❛❧✐t② ♠❡tr✐❝s✳
✷ P❛✐r❡❞ str✐♥❣ ❣r❛♣❤ ❛♥❞ ♥♦♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤s
✷✳✶ P❛✐r❡❞ ❛ss❡♠❜❧② ♣r♦❜❧❡♠
❚❤❡ ♣❛✐r❡❞ str✐♥❣ ❣r❛♣❤ ✐s ❞❡✜♥❡❞ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧
str✐♥❣ ❣r❛♣❤ ❬✶✻❪ ♦✈❡r ❛ s❡t ♦❢ ♣❛✐r❡❞ r❡❛❞s R1 × R2✳ ❚✇♦ r❡❛❞s
(r, r′) ∈ R1∪R2 ❛r❡ s❛✐❞ t♦ k✲♦✈❡r❧❛♣ ✐❢ ❛ s✉✣① ♦❢ r ♠❛t❝❤❡s ❛ ♣r❡✜①
♦❢ r′ ❡①❛❝t❧② ♦✈❡r k ❝❤❛r❛❝t❡rs✳ ❚❤❡ ♣❛✐r❡❞ str✐♥❣ ❣r❛♣❤ PGk(R1 ×
R2) ✐s ❞❡✜♥❡❞ ❛s ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❜② ❛ss✐❣♥✐♥❣ ❛ ✈❡rt❡① t♦ ❡❛❝❤
r❡❛❞ ✐♥ R1 ∪ R2✳ ❆♥ ❡❞❣❡ r → r′ ✐s ❝r❡❛t❡❞ ❜❡t✇❡❡♥ t✇♦ r❡❛❞s ✐❢
r k✲♦✈❡r❧❛♣s r′ ✭♦✈❡r❧❛♣ ❡❞❣❡✮✳ ❆ s♣❡❝✐❛❧ t②♣❡ ♦❢ ❡❞❣❡ r 99K r′ ✐s
❝r❡❛t❡❞ ✐❢ (r, r′) ✐s ❛ ♣❛✐r❡❞ r❡❛❞ ✭♣❛✐r❡❞ ❡❞❣❡✮✳ ❈❧❛ss✐❝❛❧ str✐♥❣ ❣r❛♣❤
tr❛♥s❢♦r♠❛t✐♦♥s ❛r❡ ❛♣♣❧✐❡❞✿ r❡❛❞s t❤❛t ❛r❡ s✉❜str✐♥❣s ♦❢ ♦t❤❡r r❡❛❞s✱
❛♥❞ tr❛♥s✐t✐✈❡❧② r❡❞✉♥❞❛♥t ♦✈❡r❧❛♣ ❡❞❣❡s ❛r❡ ❞✐s❝❛r❞❡❞ ✭♣❛✐r❡❞ ❡❞❣❡s
❛r❡ ✐❣♥♦r❡❞ ❞✉r✐♥❣ t❤✐s st❡♣✮✳ ◆♦ tr❛♥s✐t✐✈❡ r❡❞✉❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ❢♦r
♣❛✐r❡❞ ❡❞❣❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ S = abcdefcdgh
❛♥❞ ♣❡r❢❡❝t s❡q✉❡♥❝✐♥❣ ✇✐t❤ ✐♥s❡rt ♦❢ ❧❡♥❣t❤ 6 ❛♥❞ ♣❛✐r❡❞ r❡❛❞s ♦❢
❧❡♥❣t❤ 2✳ ❚❤❡ ♣❛✐r❡❞ str✐♥❣ ❣r❛♣❤ ♦❢ t❤❡s❡ r❡❛❞s ✐s ❞r❛✇♥ ✐♥ ❋✐❣✉r❡
✶✳
❆ ♠✐①❡❞ ♣❛t❤ ✐♥ t❤❡ ♣❛✐r❡❞ str✐♥❣ ❣r❛♣❤ ✐s ❛ s✉❝❝❡ss✐♦♥ ♦❢ ✈❡rt✐❝❡s
❧✐♥❦❡❞ ❜② ❡✐t❤❡r ♦✈❡r❧❛♣ ❡❞❣❡s ♦r ♣❛✐r❡❞ ❡❞❣❡s✱ ❡✳❣✳ r1 → r2 99K r3 →
r4✳ ❆ ♣❛t❤✲str✐♥❣ ✐s ❛ str✐♥❣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢
♥♦❞❡s str✐♥❣s ❛❧♦♥❣ ❛ ♠✐①❡❞ ♣❛t❤✳ ❚❤❡ ♣❛t❤✲str✐♥❣ ✐s ❢♦r♠❡❞ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ r✉❧❡s✿ ❛❢t❡r ❛♥ ♦✈❡r❧❛♣ ❡❞❣❡✱ t❤❡ str✐♥❣ ✐s ❛♣♣❡♥❞❡❞ ✇✐t❤
t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ❜♦t❤ ♥♦❞❡s str✐♥❣s ✇✐t❤ t❤❡✐r ♦✈❡r❧❛♣ r❡♣❡❛t❡❞
♦♥❧② ♦♥❝❡❀ ❛❢t❡r ❛ ♣❛✐r❡❞ ❡❞❣❡✱ t❤❡ str✐♥❣ ✐s ❛♣♣❡♥❞❡❞ ✇✐t❤ ❛ ❣❛♣
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣❛✐r❡❞ ✐♥s❡rt s✐③❡✳ ■♥ ❋✐❣✉r❡ ✶✱ t❤❡ ♣❛t❤✲str✐♥❣
♦❢ p = ab → bc 99K fc ✐s abc♦2fc✱ ✇❤❡r❡ ♦ ✐s ❛ s✐♥❣❧❡✲❝❤❛r❛❝t❡r ❣❛♣✳
❋✐❣✳ ✶✳ ❊①❛♠♣❧❡ ♦❢ ❛ ♣❛✐r❡❞ str✐♥❣ ❣r❛♣❤ ❢r♦♠ ♣❛✐r❡❞ r❡❛❞s ✭✐♥s❡rt s✐③❡ ♦❢ ✻✮ ❝♦✈❡r✐♥❣
t❤❡ s❡q✉❡♥❝❡ S = abcdefcdgh✳ ❉❛s❤❡s ❡❞❣❡s r❡♣r❡s❡♥t ♣❛✐r❡❞ ❧✐♥❦s ❛♥❞ r❡❣✉❧❛r ❡❞❣❡s
r❡♣r❡s❡♥t ✶✲♦✈❡r❧❛♣s ❜❡t✇❡❡♥ r❡❛❞s✳
❙✐♠✐❧❛r❧② t♦ t❤❡ ❆ss❡♠❜❧② Pr♦❜❧❡♠ ✭❆P✮ ❬✶✼❪✱ t❤❡ P❛✐r❡❞ ❆ss❡♠✲
❜❧② Pr♦❜❧❡♠ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❛ ❝♦♥str❛✐♥❡❞ ✢❛✈♦r ♦❢ ❆P✳ ❚❤❡ P❛✐r❡❞
❆ss❡♠❜❧② Pr♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ ❛ ♣❛t❤ t❤❛t ✈✐s✐ts ❡❛❝❤ ♥♦❞❡ ❛t
❧❡❛st ♦♥❝❡ ✭❣❡♥❡r❛❧✐③❡❞ ❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤✮ ✐♥ PGk(R1×R2)✱ ❛♥❞ ❝♦r✲
r❡s♣♦♥❞s t♦ ❛ ♣❛t❤✲str✐♥❣ s s✉❝❤ t❤❛t ✭✶✮ t❤❡ ❧❡♥❣t❤ ♦❢ s ✐s ♠✐♥✐♠✐③❡❞
❛♥❞ ✭✷✮ ❢♦r ❡✈❡r② ♣❛✐r (r, r′) ✐♥ R1×R2✱ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ r ❛♥❞ r′
✐♥ s ♠❛t❝❤❡s t❤❡ ♣❛✐r❡❞ ✐♥s❡rt s✐③❡✳ ◆♦t❡ t❤❛t ❛ s♦❧✉t✐♦♥ ✐s ♥❡❝❡ss❛r✲
✐❧② ❛ ❝♦♥t✐❣✳ ❙✐♠✐❧❛r❧② t♦ ❆P✱ t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❛❧s♦ ❜❡ s❤♦✇♥ t♦ ❜❡
◆P✲❤❛r❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ❢♦❝✉s❡s ♦♥ ❝♦♥str✉❝t✐♥❣ ❛ ❝♦❧❧❡❝t✐♦♥
♦❢ s✉❜✲♣❛t❤s ✭♣♦ss✐❜❧② s❝❛✛♦❧❞s✮ t❤❛t ❛♣♣r♦①✐♠❛t❡ ❛ s♦❧✉t✐♦♥✳
✷✳✷ ◆♦♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤s ✐♥ t❤❡ ✐❞❡❛❧ ❝❛s❡
❙❝❛✛♦❧❞s ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ ❣r❛♣❤ ❜② ❢♦❧❧♦✇✐♥❣ s♣❡✲
❝✐❛❧ t②♣❡s ♦❢ ♠✐①❡❞ ♣❛t❤s✳ ❚♦ ✐❧❧✉str❛t❡ t❤✐s✱ ✇❡ ✜rst ❛ss✉♠❡ ✉♥r❡❛❧✐s✲
t✐❝ s❡q✉❡♥❝✐♥❣ ❝♦♥❞✐t✐♦♥s✿ ❡rr♦r✲❢r❡❡ r❡❛❞s✱ ♣❡r❢❡❝t ❝♦✈❡r❛❣❡ ❛♥❞ ❡①❛❝t
✐♥s❡rt s✐③❡ ✭t❤❡s❡ ✇✐❧❧ ❜❡ r❡❧❛①❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✮✳ ❆ ♠✐①❡❞ ♣❛t❤
✐♥ PGk(R1×R2) ✐s ❛ ♥♦♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤ ✭◆❇P✮ ✐❢ ❡❛❝❤ ♥♦❞❡✱ ❡①❝❡♣t
t❤❡ ✜rst ❛♥❞ t❤❡ ❧❛st✱ ❤❛s ✐♥✲❞❡❣r❡❡ ♦❢ ✶ ✐♥ t❤❡ ❣r❛♣❤ ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✲❡❞❣❡ t②♣❡ ✐♥ t❤❡ ♣❛t❤✱ ❛♥❞ ♦✉t✲❞❡❣r❡❡ ♦❢ ✶ ❝♦r✲
r❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦✉t✲❡❞❣❡ t②♣❡✳ ■♥ tr❛❞✐t✐♦♥❛❧ ❛ss❡♠❜❧② ❤❡✉r✐st✐❝s✱
❛ ❝♦♥t✐❣ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ◆❇P ✇❤❡r❡ ❡❛❝❤ ❡❞❣❡ ✐s ❛♥ ♦✈❡r❧❛♣
❡❞❣❡ ✭s✐♠♣❧❡ ♣❛t❤✮✳ ❋♦r ❡①❛♠♣❧❡✱ ♠❛①✐♠❛❧✲❧❡♥❣t❤ ❝♦♥t✐❣s ❢r♦♠ t❤❡
❣r❛♣❤ ✐♥ ❋✐❣✉r❡ ✶ ❛r❡
{ab → bc → cd, cd → de → ef → fc → cd, cd → dg → gh}.
■♥ ❝♦♥tr❛st✱ ❛ ♥♦♥✲tr✐✈✐❛❧ ♥♦♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤ ✐s
{ab 99K ef 99K gh},
✇❤❡r❡ t❤❡ ♣❛t❤✲str✐♥❣ ✭ab♦2ef♦2gh✮ ✐s ❛ s❝❛✛♦❧❞ ✇❤✐❝❤ ❝♦✈❡rs t❤❡
✇❤♦❧❡ str✐♥❣✳ ❯♥❞❡r ✐❞❡❛❧ s❡q✉❡♥❝✐♥❣ ❝♦♥❞✐t✐♦♥s✱ ♥♦♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤s
✐♠♠❡❞✐❛t❡❧② ❝♦rr❡s♣♦♥❞ t♦ ✈❛❧✐❞ s❝❛✛♦❧❞s✳ ❖♥❡ ❝❛♥ ❛❧s♦ ❝♦♥s✐❞❡r ✐♥✲
✭r❡s♣✳ ♦✉t✲✮ ❜r❛♥❝❤✐♥❣ ♣❛t❤s✱ ❢♦r ✇❤✐❝❤ ♦♥❧② ♦✉t✲ ✭r❡s♣✳ ✐♥✲✮ ❞❡❣r❡❡
♦❢ ♥♦❞❡s ✐♥ t❤❡ ♣❛t❤ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❞❣❡ t②♣❡ ✐s
✶✳ ❇② s✐♠✐❧❛r r❡❛s♦♥✐♥❣✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t s✉❝❤ ♣❛t❤s ❛❧s♦ s♣❡❧❧
✈❛❧✐❞ s❝❛✛♦❧❞s✳
✷✳✸ Pr❛❝t✐❝❛❧ ♥♦♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤s
■♥ ❛❝t✉❛❧ s❡q✉❡♥❝✐♥❣✱ ✇❡ ❞✐st✐♥❣✉✐s❤ t✇♦ s✐t✉❛t✐♦♥s✿ ✉♥❞❡t❡❝t❡❞ ♣❛✐r❡❞
❜r❛♥❝❤✐♥❣ ❛♥❞ ❛❞❞✐t✐♦♥❛❧ ♦✈❡r❧❛♣ ❜r❛♥❝❤✐♥❣✳ Pr❡✈✐♦✉s❧②✱ ♣❛✐r❡❞ ❜r❛♥❝❤✲
✐♥❣ ✇❛s ❛❧✇❛②s ❞❡t❡❝t❡❞ ❜❡❝❛✉s❡ ♦❢ ♣❡r❢❡❝t ❝♦✈❡r❛❣❡ ❛♥❞ ❡①❛❝t ✐♥s❡rt
s✐③❡✳ ◆♦✇✱ ✐t ✐s ♥♦ ❧♦♥❣❡r s✉✣❝✐❡♥t ❢♦r ❛ ♥♦❞❡ t♦ ❤❛✈❡ ❛♥ ✉♥✐q✉❡ ♣❛✐r❡❞
❡❞❣❡ ✐♥ ♦r❞❡r t♦ ✉♥❛♠❜✐❣✉♦✉s❧② ❡①t❡♥❞ ❛ s❝❛✛♦❧❞✳ ❲❡❛❦❡r ❝♦♥❞✐t✐♦♥s
❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ t♦ ❞❡t❡❝t t❤❡ ❛❜s❡♥❝❡ ♦❢ ♣❛✐r❡❞ ❜r❛♥❝❤✐♥❣✱ ❣✐✈❡♥
✐♠♣❡r❢❡❝t ❝♦✈❡r❛❣❡ ❛♥❞ ✈❛r✐❛❜❧❡ ✐♥s❡rt s✐③❡✳ ❋✐rst✱ ❛ss✉♠❡ t❤❛t t❤❡
✐♥s❡rt s✐③❡ ❞❡✈✐❛t✐♦♥ ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t i✳ ❙❡❝♦♥❞✱ ❝♦♥s✐❞❡r ❛
s✐♠♣❧❡ ♣❛t❤ p ♦❢ ❧❡♥❣t❤ 2i + 1✱ ❛♥❞ ❧❡t n ❜❡ t❤❡ ❝❡♥tr❛❧ ♥♦❞❡ ✭pi+1)✳
Pr♦♣❡rt② ✶✳ ❆ ♣❛✐r❡❞ ❡❞❣❡ n 99K n′ ✐s ❝♦♥s✐❞❡r❡❞ t♦ s❛t✐s❢② t❤❡ ♥♦♥✲
❜r❛♥❝❤✐♥❣ ❝♦♥❞✐t✐♦♥ ✐❢ t❤❡ s✉❜✲❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② t❤❡ ♦♣♣♦s✐t❡ ♠❛t❡s






■♥ ♦t❤❡r ✇♦r❞s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡t❡❝t t❤❛t p′ ✐s t❤❡ ♦♥❧② ❣❡♥♦♠✐❝
r❡❣✐♦♥ ✇❤✐❝❤ ❛♣♣❡❛rs ❛t ❛♣♣r♦①✐♠❛t❡❧② ❛♥ ✐♥s❡rt ❞✐st❛♥❝❡ ❢✉rt❤❡r
t❤❛♥ p✳ ❚❤❡ ♦r✐❣✐♥❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ♥♦♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤s ❝❛♥ t❤❡♥ ❜❡
❡①t❡♥❞❡❞ t♦ ✐♥❝❧✉❞❡ t❤✐s ❝♦♥❞✐t✐♦♥ ✐♥ ♣❧❛❝❡ ♦❢ t❤❡ ♣❛✐r❡❞ ❞❡❣r❡❡ ❝♦♥✲
❞✐t✐♦♥✳
❋✉rt❤❡r♠♦r❡✱ s❡q✉❡♥❝✐♥❣ ❡rr♦rs ❛♥❞ ❜✐♦❧♦❣✐❝❛❧ ✈❛r✐❛♥ts ✐♥tr♦❞✉❝❡
❛❞❞✐t✐♦♥❛❧ ❜r❛♥❝❤✐♥❣ ✐♥ t❤❡ ❣r❛♣❤✳ ❚❤❡ ❜r❛♥❝❤✐♥❣ str✉❝t✉r❡s ❛r❡ r❡✲
❢❡rr❡❞ ❛s ❜✉❜❜❧❡s ✭♠✉❧t✐♣❧❡ ♣❛t❤s t❤❛t st❛rts ❛♥❞ ❡♥❞s ❛t t❤❡ s❛♠❡
♥♦❞❡s✮ ❛♥❞ t✐♣s ✭s❤♦rt ✐♥t❡rr✉♣t❡❞ ♣❛t❤s✮ ❬✷✹❪✳ ●r❛♣❤✲❜❛s❡❞ ❛ss❡♠❜❧②
❛❧❣♦r✐t❤♠s t②♣✐❝❛❧❧② r❡♠♦✈❡ ❜✉❜❜❧❡s ❛♥❞ t✐♣s ❛❢t❡r t❤❡ ✇❤♦❧❡ ❣r❛♣❤
✐s ❝♦♥str✉❝t❡❞✳ ❍❡r❡✱ t❤❡ ❜✉❜❜❧❡ ❞❡t❡❝t✐♦♥ t❡❝❤♥✐q✉❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✷✹❪
✐s ❛❞❛♣t❡❞ t♦ ❛❧s♦ ❞❡t❡❝t t✐♣s✳ ❆s t❤❡s❡ str✉❝t✉r❡s ❛r❡ s❤♦rt✱ ♦♥❡ ❝❛♥
s❡t ❛ ♠❛①✐♠❛❧ ❧❡♥❣t❤ d > 0 ❢♦r ♣❛t❤s ✇✐t❤✐♥ t❤❡♠✳ ❆ ❣❡♥❡r❛❧ ❝❤❛r✲
❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡s❡ str✉❝t✉r❡ ❝❛♥ ❜❡ ♠❛❞❡ ✐♥ t❡r♠s ♦❢ s✉❜✲❣r❛♣❤
tr❛✈❡rs❛❧✳ ❖❜s❡r✈❡ t❤❛t ❜♦t❤ str✉❝t✉r❡s ❢♦r♠ s✉❜✲❣r❛♣❤s ✇❤✐❝❤ st❛rt
❛t ❛ s✐♥❣❧❡ ♥♦❞❡✱ ❛♥❞ ♣❛t❤s ✇❤✐❝❤ ❛r❡ ♥♦t ✐♥t❡rr✉♣t❡❞ ❝♦♥✈❡r❣❡ ❛❢t❡r
❛ ❝❡rt❛✐♥ ❧❡♥❣t❤✳
Pr♦♣❡rt② ✷✳ ●✐✈❡♥ ❛ ✈❛r✐❛♥t s✉❜✲❣r❛♣❤✱ t❤❡ ❜r❡❛❞t❤✲✜rst tr❡❡ ❝♦♥✲
str✉❝t❡❞ ❢r♦♠ t❤❡ st❛rt ♥♦❞❡ ❤❛s ❛ s✐♥❣❧❡ ♥♦❞❡ ♦❢ ❞❡♣t❤ d✳
◆♦♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤s ❛r❡ ❡①t❡♥❞❡❞ t♦ ♣❡r♠✐t tr❛✈❡rs❛❧ ✐♥ s❤♦rt ❜r❛♥❝❤✲
✐♥❣ s✉❜✲❣r❛♣❤s t❤r♦✉❣❤ ♦✈❡r❧❛♣ ❡❞❣❡s✳ ❋✐❣✉r❡ ✷ ✐❧❧✉str❛t❡s ❜♦t❤ ♣r♦♣✲
❡rt✐❡s✳ ■♥ s✉♠♠❛r②✱ ✇❡ ❞❡✜♥❡ ♣r❛❝t✐❝❛❧ ♥♦♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤s ✭P◆❇P✮
❛s ❢♦❧❧♦✇s✿
✕ ❢♦r ♣❛t❤ ♥♦❞❡s n 99K m ❧✐♥❦❡❞ ❜② ❛ ♣❛✐r❡❞ ❡❞❣❡✱ ❜♦t❤ n ❛♥❞ m ❛r❡
♠✐❞❞❧❡ ♥♦❞❡s ♦❢ s✐♠♣❧❡ ♣❛t❤s ♦❢ ❧❡♥❣t❤ 2i + 1 ❢♦r ✇❤✐❝❤ Pr♦♣❡rt②
✶ ✐s ✈❡r✐✜❡❞✳
✕ ❢♦r ♣❛t❤ ♥♦❞❡s n → m ❧✐♥❦❡❞ ❜② ❛♥ ♦✈❡r❧❛♣ ❡❞❣❡✱ ❡✐t❤❡r t❤❡
♦✈❡r❧❛♣ ♦✉t✲❞❡❣r❡❡ ♦❢ n ❛♥❞ t❤❡ ♦✈❡r❧❛♣ ✐♥✲❞❡❣r❡❡ ♦❢ m ❛r❡ ❜♦t❤
✶✱ ♦r n → m ✐s ♣❛rt ♦❢ ❛ s✉❜✲❣r❛♣❤ ✇❤✐❝❤ s❛t✐s✜❡s Pr♦♣❡rt② ✷✳
◆♦t❡ t❤❛t s❡tt✐♥❣ i = 0 ❛♥❞ d = 1 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♦r✐❣✐♥❛❧ ❞❡❢✲
✐♥✐t✐♦♥ ♦❢ ♥♦♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤s✳ Pr❛❝t✐❝❛❧ ✐♥✲❜r❛♥❝❤✐♥❣ ✭r❡s♣✳ ♦✉t✲
❜r❛♥❝❤✐♥❣✮ ♣❛t❤s ❛r❡ ❞❡✜♥❡❞ s✐♠✐❧❛r❧②✱ ❡①❝❡♣t t❤❛t Pr♦♣❡rt② ✶ ♦♥❧②
♥❡❡❞s t♦ ❜❡ ✈❡r✐✜❡❞ ❢♦r n ✭r❡s♣✳ m✮✳
❋✐❣✳ ✷✳ Pr❛❝t✐❝❛❧ ♥♦♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤ tr❛✈❡rs❛❧ ✭❜❧✉❡ ❧✐♥❡✮ ♦❢ ❛ ♣❛✐r❡❞ str✐♥❣ s✉❜✲❣r❛♣❤✳
❚❤✐❝❦ ❧✐♥❡s r❡♣r❡s❡♥t ♣❛t❤s ♦❢ ♦✈❡r❧❛♣ ❡❞❣❡s✳ ❉❛s❤❡❞ ❧✐♥❡s r❡♣r❡s❡♥t ♣❛✐r❡❞ ❡❞❣❡s ❜❡✲
t✇❡❡♥ r❡❛❞s✳ Pr♦♣❡rt② ✶ ✐s ✉s❡❞ t♦ tr❛✈❡rs❡ ❛ ❣❛♣✱ ❛s ♣❛✐r❡❞ r❡❛❞s ❧✐♥❦ t♦❣❡t❤❡r t✇♦
s✐♠♣❧❡ ♣❛t❤s✳ Pr♦♣❡rt② ✷ ✐s ✉s❡❞ t♦ tr❛✈❡rs❛❧ s♠❛❧❧ ❜r❛♥❝❤✐♥❣ r❡❣✐♦♥s ✭❛ t✐♣ ❛♥❞ ❛
❜✉❜❜❧❡✮✳
✷✳✹ ▲♦❝❛❧✐③❡❞✱ ♣❛r❛❧❧❡❧ ❛ss❡♠❜❧②
❋♦r ❧❛r❣❡ ❣❡♥♦♠❡s✱ ❝♦♥str✉❝t✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ str✐♥❣ ❣r❛♣❤ ✐s ❛ ♠❡♠♦r②✲
✐♥t❡♥s✐✈❡ ♦♣❡r❛t✐♦♥✳ ❚❤✐s ✐ss✉❡ ❛❧s♦ ❛♣♣❧✐❡s t♦ ♣❛✐r❡❞ str✐♥❣ ❣r❛♣❤s✱
❛s t❤❡② ❝♦♥t❛✐♥ str✐❝t❧② ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥✳ ❚✇♦ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥s ❛r❡
❝♦♥s✐❞❡r❡❞ t♦ r❡❞✉❝❡ ♠❡♠♦r② ✉s❛❣❡✳ ❆ ❝♦♠♣r❡ss❡❞ ❋▼✲✐♥❞❡① ❬✽❪ ♦❢
t❤❡ r❡❛❞s r❡❞✉❝❡s t❤❡ ♠❡♠♦r② ✉s❛❣❡ ♦❢ t❤❡ str✐♥❣ ❣r❛♣❤ ❬✷✵❪✳ ❚❤✐s
❛♣♣r♦❛❝❤ ❝♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞ t♦ ✐♥❝❧✉❞❡ ♣❛✐r❡❞ ❡❞❣❡s✱ ❝♦♠♣✉t❡❞ ❞②✲
♥❛♠✐❝❛❧❧② ❢r♦♠ ✐♥❞❡①❡❞ ♣❛✐r❡❞ r❡❛❞s t♦ ❛✈♦✐❞ ♠❡♠♦r② ♦✈❡r❤❡❛❞✳
❆♥♦t❤❡r s♦❧✉t✐♦♥ ✐s t♦ ♣❡r❢♦r♠ ❧♦❝❛❧✐③❡❞ ❛ss❡♠❜❧②✱ ✇✐t❤♦✉t ✐♥✐t✐❛❧
❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ ♣❛✐r❡❞ str✐♥❣ ❣r❛♣❤✳ ❚❤❡ ❦❡② ♣r♦♣❡rt② ♦❢
♣r❛❝t✐❝❛❧ ♥♦♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤s ✐s t❤❛t ♦♥❧② ❛ s♠❛❧❧ s✉❜✲❣r❛♣❤ ♥❡❡❞s t♦
❜❡ ❡①♣❧♦r❡❞ ❢♦r ❡❛❝❤ ♣❛t❤✳ ❲❡ ♣r♦♣♦s❡ t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♣r♦♣✲
❡rt② t♦ ♣❡r❢♦r♠ ❛ss❡♠❜❧② ❜♦t❤ ❧♦❝❛❧❧② ❛♥❞ ✐♥ ♣❛r❛❧❧❡❧✳ ❈♦♥❝r❡t❡❧②✱ ❛
❣r❡❡❞② ❛ss❡♠❜❧② ❛❧❣♦r✐t❤♠ ❝❛♥ st❛rt ❢r♦♠ ❛♥② r❡❛❞ ❛♥❞ ❝♦♥str✉❝t
❛ s✉❜✲❣r❛♣❤ ♦❢ t❤❡ ♣❛✐r❡❞ str✐♥❣ ❣r❛♣❤ ♦♥ t❤❡ ✢②✱ ❜② ❢♦❧❧♦✇✐♥❣ ❛
P◆❇P str❛t❡❣②✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ s♣❧✐tt✐♥❣ t❤❡ ❝♦♠♣❧❡t❡ ♣❛✐r❡❞
str✐♥❣ ❣r❛♣❤ ✐♥t♦ ❞✐s❥♦✐♥t s✉❜✲❣r❛♣❤s✱ ❡❛❝❤ s✉❜✲❣r❛♣❤ ❝♦rr❡s♣♦♥❞s t♦
❡①❛❝t❧② ♦♥❡ s❝❛✛♦❧❞✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐♥❞✉❝❡s ❛ ♠❡♠♦r② ♦✈❡r❤❡❛❞ ❞✉❡
t♦ t❤❡ ♣❛r❛❧❧❡❧ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉❜✲❣r❛♣❤s✱ ❤♦✇❡✈❡r ♦♥❧② ❛ ❝♦♥st❛♥t
♥✉♠❜❡r ♦❢ s❝❛✛♦❧❞s ✐s ❛ss❡♠❜❧❡❞ ✐♥ ♣❛r❛❧❧❡❧ ❛t ❛♥② ❣✐✈❡♥ t✐♠❡✳ ❚♦
❝♦♥str✉❝t ❡❛❝❤ s✉❜✲❣r❛♣❤✱ ♦✈❡r❧❛♣s ❜❡t✇❡❡♥ ♣❛✐r❡❞ r❡❛❞s ❛♥❞ ♣❛✐r✲
✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♥❡❡❞ t♦ ❜❡ ❛❝❝❡ss❡❞ ❡✣❝✐❡♥t❧②✳ ❍❡♥❝❡✱ ✐t ✐s r❡q✉✐r❡❞
t❤❛t ❛ ❝♦♠♣❧❡t❡ ✐♥❞❡① ♦❢ t❤❡ r❡❛❞s r❡s✐❞❡s ✐♥ ♠❡♠♦r②✳ ❍♦✇❡✈❡r✱ s✉❝❤
✐♥❞❡① ♦❝❝✉♣✐❡s ❧❡ss ♠❡♠♦r② t❤❛♥ ❛ str✐♥❣ ❣r❛♣❤✳ Pr♦✈✐❞❡❞ t❤❛t ❡❛❝❤
✇♦r❦❡r ❝❛♥ ❛❝❝❡ss t❤❡ ❢✉❧❧ ✐♥❞❡①✱ ❡♠❜❛rr❛ss✐♥❣❧② ♣❛r❛❧❧❡❧ ❝♦♥str✉❝t✐♦♥
♦❢ s❝❛✛♦❧❞s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✳
❲❤✐❧❡ ✐t ✐s t❡❝❤♥✐❝❛❧❧② ❛ ❣r❡❡❞② ❛❧❣♦r✐t❤♠✱ s✉❝❤ ❛♣♣r♦❛❝❤ ♦✈❡r✲
❝♦♠❡s t❤❡ s❤♦rt❝♦♠✐♥❣s ♦❢ ❝❧❛ss✐❝❛❧ ❣r❡❡❞② ❛❧❣♦r✐t❤♠s✳ ❊①❝❡♣t ❢♦r
❚❛✐♣❛♥ ❬✶✾❪✱ ✇❤✐❝❤ ❞♦❡s ♥♦t s✉♣♣♦rt ♣❛✐r❡❞ r❡❛❞s ♥♦r ♣❛r❛❧❧❡❧ ❛ss❡♠✲
❜❧②✱ ♠♦st ❣r❡❡❞② ❛ss❡♠❜❧❡rs ❞♦ ♥♦t ❝♦♥str✉❝t ❛ ❣r❛♣❤ t♦ s♦❧✈❡ ❧♦❝❛❧
❡①t❡♥s✐♦♥ ❛♠❜✐❣✉✐t✐❡s ❬✹✱✶✱✸❪✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❣r❡❡❞② ❛ss❡♠❜❧❡rs
st♦♣ ❝♦♥t✐❣s ❡①t❡♥s✐♦♥ ❛t s♠❛❧❧ ❜✐♦❧♦❣✐❝❛❧ ✈❛r✐❛t✐♦♥s ♦r s❡q✉❡♥❝✐♥❣ ❛r✲
t✐❢❛❝ts✳ ▲♦❝❛❧✐③❡❞ ❣r❛♣❤✲❜❛s❡❞ ❛ss❡♠❜❧② ✉s✐♥❣ Pr♦♣❡rt② ✷ ♦✈❡r❝♦♠❡s
t❤✐s ♣r♦❜❧❡♠ ❜② ❡①♣❧✐❝✐t❧② ♣❡r❢♦r♠✐♥❣ tr❛✈❡rs❛❧ ♦❢ s✉❝❤ str✉❝t✉r❡s✳
✸ ❘❡s✉❧ts
❲❡ ❞❡✈❡❧♦♣❡❞ ❛ ♣r♦t♦t②♣❡ ❛ss❡♠❜❧❡r ❝❛❧❧❡❞ ▼♦♥✉♠❡♥t ❜❛s❡❞ ♦♥ ❧♦❝❛❧
❝♦♥str✉❝t✐♦♥ ♦❢ ♣r❛❝t✐❝❛❧ ✐♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤s✳ ❚❤❡ ♣r♦t♦t②♣❡ ✐s ✐♠✲
♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ P②t❤♦♥ ❧❛♥❣✉❛❣❡ ✇✐t❤ ❈✰✰ ❡①t❡♥s✐♦♥s ❢♦r ❝r✐t✐❝❛❧
♣❛rts✳ ❋♦r ♠❡♠♦r② ❡✣❝✐❡♥❝②✱ ❛ ❦♠❡r✲❜❛s❡❞ r❡❛❞s ✐♥❞❡①✐♥❣ str✉❝t✉r❡
✐s ✉s❡❞✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ✐♥❞❡①✐♥❣ ♣r♦❝❡❞✉r❡ ♠✐♥✐♠✐③❡s t❤❡ ♥✉♠❜❡r
♦❢ r❡❛❞s r❡❢❡r❡♥❝❡❞ ❜② ❡❛❝❤ ❦♠❡r✱ ✇❤✐❧❡ st✐❧❧ ♠❛✐♥t❛✐♥✐♥❣ ❜r❛♥❝❤✐♥❣
✐♥❢♦r♠❛t✐♦♥✳ ❋♦r ♣r❛❝t✐❝❛❧ ✐♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤s✱ t❤❡ ♠❛①✐♠❛❧ ❣r❛♣❤
❞❡♣t❤ d ❢♦r ❣❡♥♦♠✐❝ ✈❛r✐❛♥ts ✐s s❡t s✉❝❤ t❤❛t ❛♥② ♣❛t❤ ❤❛s ❣❡♥♦♠✐❝
❧❡♥❣t❤ ❧❡ss t❤❛♥ 10 + k✳ ❚❤❡ ✐♥s❡rt s✐③❡ ❞❡✈✐❛t✐♦♥ i ✐s s❡t t♦ ❤❛❧❢
t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥s❡rt s✐③❡✱ ✇❤✐❝❤ ✐s ❛ ✈❡r② ❝♦♥s❡r✈❛t✐✈❡ ❞❡✈✐❛t✐♦♥
✇✐t❤ r❡s♣❡❝t t♦ ❛❝t✉❛❧ ♣❛✐r❡❞✲❡♥❞ ❞❛t❛✳ ❚♦ ❡♥s✉r❡ ❢❛✐r ❝♦♠♣❛r✐s♦♥
✇✐t❤ ♦t❤❡r ♠❡t❤♦❞s✱ ✇❡ ✐♠♣❧❡♠❡♥t❡❞ ❛ ♥❛✐✈❡ ❣❛♣✲❝❧♦s✐♥❣ ♣r♦❝❡❞✉r❡
✇❤✐❝❤ ✜❧❧ s❝❛✛♦❧❞s ❣❛♣s ✇✐t❤ ❛♥② ♦✈❡r❧❛♣ ♣❛t❤ s❛t✐s❢②✐♥❣ ✐♥s❡rt s✐③❡
❝♦♥str❛✐♥ts✳
❚✇♦ s❤♦rt r❡❛❞s ❛ss❡♠❜❧❡rs ❜❛s❡❞ ♦♥ ❞❡ ❇r✉✐❥♥ ❣r❛♣❤s ❛r❡ ❝♦♠✲
♣❛r❡❞ ✇✐t❤ t❤✐s ♣r♦t♦t②♣❡✳ ❚❤❡ ❱❡❧✈❡t ❛ss❡♠❜❧❡r ✭✈❡rs✐♦♥ ✶✳✶✳✵✸✮
✉s❡s ❣r❛♣❤ s✐♠♣❧✐✜❝❛t✐♦♥ ❤❡✉r✐st✐❝s ❬✷✹❪✳ ❚❤❡ ❘❛② ❛ss❡♠❜❧❡r ✭✈❡rs✐♦♥
✶✳✸✳✵✮ ✐♠♣❧❡♠❡♥ts ❛ ❣r❡❡❞② tr❛✈❡rs❛❧ str❛t❡❣② ❬✸❪✳ ❚❤❡ ❛ss❡♠❜❧❡rs
✇❡r❡ r✉♥ ✇✐t❤ ❞❡❢❛✉❧t ♣❛r❛♠❡t❡rs ❛♥❞ k = 23✳ ❇② s❡tt✐♥❣ ❛ s✐♠✐❧❛r
❦♠❡r s✐③❡✱ ❛❧❧ ❛ss❡♠❜❧❡rs✱ ✐♥❝❧✉❞✐♥❣ ♦✉rs✱ ✈✐rt✉❛❧❧② ❡①♣❧♦r❡ t❤❡ s❛♠❡
❞❡ ❇r✉✐❥♥ ❣r❛♣❤✳
❲❡ ✜rst ❝♦♠♣❛r❡❞ ❛ss❡♠❜❧❡rs ♦♥ ❡①♣❡r✐♠❡♥t❛❧ ■❧❧✉♠✐♥❛ s❤♦rt
♣❛✐r❡❞ r❡❛❞s ❢r♦♠ ❊✳ ❝♦❧✐ ✭❙❘❆ ❙❘❳✵✵✵✹✷✾✮✳ ❚❤✐s ❞❛t❛s❡t ✭❉❛t❛s❡t
✶✮ ❝♦♥t❛✐♥s ✶✵ ♠✐❧❧✐♦♥ ♣❛✐r❡❞ r❡❛❞s ♦❢ ❧❡♥❣t❤ ✸✻ ❜♣ ❛♥❞ ✐♥s❡rt s✐③❡
✷✵✵ ❜♣✳ ❲❡ t❤❡♥ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❛❜✐❧✐t② ♦❢ ♦✉r ♠❡t❤♦❞ t♦ ❛ss❡♠❜❧❡
❞✐♣❧♦✐❞ ❣❡♥♦♠❡s✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ s✐♠✉❧❛t❡❞ ✸ ♠✐❧❧✐♦♥ ♣❛✐r❡❞ r❡❛❞s
♦❢ ❛ ❞✐♣❧♦✐❞ ❣❡♥♦♠❡ ❜❛s❡❞ ♦♥ t❤❡ ❊✳ ❝♦❧✐ s❡q✉❡♥❝❡ ✭❉❛t❛s❡t ✷✮✳ ❚❤❡
✇❣s✐♠ ♣❛✐r❡❞ r❡❛❞s s✐♠✉❧❛t♦r ✇❛s ✉s❡❞ ✇✐t❤ ❞❡❢❛✉❧t ♣❛r❛♠❡t❡rs ❬✶✷❪✱
♣r♦❞✉❝✐♥❣ ✼✺ ❜♣ r❡❛❞s ✭✺✵✵ ❜♣ ✐♥s❡rts✮ ✇✐t❤ s✐♠✉❧❛t❡❞ s❡q✉❡♥❝✐♥❣
❡rr♦rs✳ ❆ss❡♠❜❧② r❡s✉❧ts ❢♦r t❤❡ ❞❛t❛s❡ts ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✶✳ ❚♦
✉♥❞❡rst❛♥❞ ✇❤② ❘❛② ❤❛s ❞✐✣❝✉❧t✐❡s ❛ss❡♠❜❧✐♥❣ t❤❡ s❡❝♦♥❞ ❞❛t❛s❡t✱
✇❡ s✐♠✉❧❛t❡❞ ❛ t❤✐r❞ ❞❛t❛s❡t ♦❢ r❡❛❞s✱ s✐♠✐❧❛r t♦ ❉❛t❛s❡t ✷ ❜✉t ✇✐t❤✲
♦✉t ✈❛r✐❛♥ts✳ ❚❤✐s t✐♠❡✱ ❘❛② ♦❜t❛✐♥s ❛ s❝❛✛♦❧❞ ◆✺✵ ♦❢ ✽✾✳✹ ❑❜♣ ❛♥❞
❧❛r❣❡st s❝❛✛♦❧❞ ♦❢ ❧❡♥❣t❤ ✷✻✽✳✺ ❑❜♣✳ ❚❤✐s ❡①♣❡r✐♠❡♥t ❝♦♥✜r♠s t❤❛t
♠❡❝❤❛♥✐s♠s ❢♦r ❜✐♦❧♦❣✐❝❛❧ ✈❛r✐❛t✐♦♥s tr❛✈❡rs❛❧✱ s✉❝❤ ❛s P◆❇Ps✱ ❛r❡
❛ ❦❡② r❡q✉✐r❡♠❡♥t ❢♦r ❣r❡❡❞② ❛ss❡♠❜❧❡rs✳
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▼♦♥✉♠❡♥t ✶✶✸✳✸ ✶✸✹✳✶ ✸✹✵✳✺ ✾✶✳✵ ✾✺✳✵
❱❡❧✈❡t ✸✵✳✽ ✶✸✷✳✻ ✸✷✼✳✷ ✽✼✳✾ ✾✷✳✸
❘❛② ✶✵✳✷ ✶✵✳✷ ✹✶✳✷ ✽✾✳✷ ✶✵✵✳✵
❚❛❜❧❡ ✶✳◗✉❛❧✐t② ♦❢ t❤❡ ❛ss❡♠❜❧✐❡s ♦❢ s✐♠✉❧❛t❡❞ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ♣❛✐r❡❞✲❡♥❞ r❡❛❞s ❢r♦♠
❊✳❝♦❧✐ ✉s✐♥❣ ❱❡❧✈❡t✱ ❘❛② ❛♥❞ ♦✉r ♣r♦t♦t②♣❡ ✭▼♦♥✉♠❡♥t✮✳ ❚❤❡ ◆✺✵ ♠❡tr✐❝ ♠❡❛s✉r❡s t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ s♠❛❧❧❡st ❡❧❡♠❡♥t ♦❢ t❤❡ s❡t ♦❢ ❧❛r❣❡st s❝❛✛♦❧❞s ✭r❡s♣✳ ❝♦♥t✐❣s✮ ✇❤✐❝❤ ❝♦✈❡r
❛t ❧❡❛st ✺✵✪ ♦❢ t❤❡ ❛ss❡♠❜❧②✳ ❈♦✈❡r❛❣❡ ❛♥❞ ❛❝❝✉r❛❝② ♦❢ s❝❛✛♦❧❞s ❛r❡ ❛ss❡ss❡❞ ✉s✐♥❣
❡✈❛❧✉❛t✐♦♥ t♦♦❧s ❢r♦♠ ❆❧❧♣❛t❤s ❬✺❪✳ ❙♣❡❝✐✜❝❛❧❧②✱ s❝❛✛♦❧❞s ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ ❝❤✉♥❦s ♦❢ s✐③❡
❧❡ss t❤❛♥ ✶✵❦❜✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❤✐❣❤ ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ❞❛t❛s❡ts✱ ❡❛❝❤ ❝❤✉♥❦ ✐s ❝♦♥s✐❞❡r❡❞
t♦ ❜❡ ✈❛❧✐❞ ✐❢ ✐t ❛❧✐❣♥s ✇✐t❤ ♠♦r❡ t❤❛♥ ✾✾✪ ✐❞❡♥t✐t② t♦ t❤❡ r❡❢❡r❡♥❝❡ ❣❡♥♦♠❡ ✭❛❧✐❣♥♠❡♥t
✇✐t❤ ✉♥❞❡rt❡r♠✐♥❡❞ ♥✉❝❧❡♦t✐❞❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✈❛❧✐❞✮✳
❲❡ r❡❝♦r❞❡❞ ❡①❡❝✉t✐♦♥ t✐♠❡ ❛♥❞ ♠❡♠♦r② ✉s❛❣❡ ❞✉r✐♥❣ t❤❡ ❛s✲
s❡♠❜❧② ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛s❡t✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ♣❛✐r❡❞ r❡❛❞s
✐♥❞❡① ✐s ✵✳✹ ●❇ ❛♥❞ ♣❡❛❦ ♠❡♠♦r② ✉s❛❣❡ ❞✉r✐♥❣ ❛ss❡♠❜❧② ✐s ✵✳✻ ●❇✳
❱❡❧✈❡t ❛♥❞ ❘❛② ❤❛✈❡ ♣❡❛❦ ♠❡♠♦r② ✉s❛❣❡ ♦❢ ✷✳✹ ●❇ ❛♥❞ ✸✳✷ ●❇ r❡✲
s♣❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ ❘❛② ❝❛♥ ❞✐str✐❜✉t❡ ✐ts ✐♥❞❡①✐♥❣ str✉❝t✉r❡ ♦♥ ❛
❝❧✉st❡r✳ ❯s✐♥❣ ✻ t❤r❡❛❞s✱ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝♦♠♣❧❡t❡❞ t❤❡ ❛ss❡♠❜❧②
✐♥ ✼ ♠✐♥✉t❡s✱ ❱❡❧✈❡t ✐♥ ✽ ♠✐♥✉t❡s ❛♥❞ ❘❛② ✐♥ ✶✻ ♠✐♥✉t❡s✳
❖✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝❛♥ ❛❧s♦ ❛ss❡♠❜❧❡ ❛ s❝❛✛♦❧❞ ❛r♦✉♥❞ ❛ s♣❡❝✐✲
✜❡❞ ❣❡♥♦♠✐❝ r❡❣✐♦♥✱ ✐✳❡✳ ♣❡r❢♦r♠ t❛r❣❡t❡❞ ❛ss❡♠❜❧②✳ ❚❤✐s ✐s ♦❢ ♣❛rt✐❝✲
✉❧❛r ✐♥t❡r❡st ❛s ♥❡✇ t❛r❣❡t❡❞ ❛ss❡♠❜❧② ♠❡t❤♦❞s ✭❚❆❙❘ ❛♥❞ ▼❛♣s❡♠✲
❜❧❡r✱ ❜♦t❤ ✉♥♣✉❜❧✐s❤❡❞✮ ♦♥❧② ♣r♦❞✉❝❡ ❝♦♥t✐❣s✳ ❚❛r❣❡t❡❞ ❛ss❡♠❜❧②
✇✐t❤ ♦✉r ♣r♦t♦t②♣❡ ✐s ❛❧s♦ ✈❡r② ❢❛st✿ ♦♥❡ s❝❛✛♦❧❞ ✐s ❛ss❡♠❜❧❡❞ ✐♥ ❛
❢❡✇ s❡❝♦♥❞s✳ ❍♦✇❡✈❡r✱ ❝♦♥tr❛r② t♦ t❛r❣❡t❡❞ ❛ss❡♠❜❧❡rs✱ t❤❡ ♣r♦t♦t②♣❡
r❡q✉✐r❡s t❤❡ ❝♦♠♣❧❡t❡ r❡❛❞s ✐♥❞❡① t♦ r❡s✐❞❡ ✐♥ ♠❡♠♦r②✳
✹ ❉✐s❝✉ss✐♦♥
■♥ s✉♠♠❛r②✱ ❛ ♥❡✇ ❞❡ ♥♦✈♦ ❛ss❡♠❜❧② ❢r❛♠❡✇♦r❦ ✐s ❢♦r♠✉❧❛t❡❞ ❜②
✐♥tr♦❞✉❝✐♥❣ ♣❛✐r❡❞ str✐♥❣ ❣r❛♣❤s✳ ❚❤❡ ♥♦✈❡❧t② ♦❢ t❤✐s ❢r❛♠❡✇♦r❦ r❡✲
s✐❞❡s ✐♥ ✐ts ❛❜✐❧✐t② t♦ ♣❡r❢♦r♠ ❧♦❝❛❧✐③❡❞ ❛ss❡♠❜❧② ♦❢ s❝❛✛♦❧❞s✳ Pr✐♦r
t♦ t❤✐s ✇♦r❦✱ s❝❛✛♦❧❞s ✇❡r❡ ❝♦♥str✉❝t❡❞ ❢r♦♠ ❛♥ ♦r❞❡r✐♥❣ ♦❢ ❝♦♥t✐❣s✱
r❡q✉✐r✐♥❣ ❛ ❝♦♠♣❧❡t❡ ❛ss❡♠❜❧② ♦❢ ❝♦♥t✐❣s t♦ ❜❡ ❦♥♦✇♥ ❜❡❢♦r❡❤❛♥❞✳
❲❡ s❤♦✇ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛ss❡♠❜❧❡ s❝❛✛♦❧❞s ❧♦❝❛❧❧② ❛r♦✉♥❞ ❛
❣❡♥♦♠✐❝ r❡❣✐♦♥ ❜② ❢♦❧❧♦✇✐♥❣ ♥♦♥✲❜r❛♥❝❤✐♥❣ ♣❛t❤s ❣r❡❡❞✐❧②✳ ❚❤✐s ❛♣✲
♣r♦❛❝❤ ❛❧❧♦✇s t♦ ❞❡s✐❣♥ t❤❡ ✜rst ❧♦❝❛❧✐③❡❞ ❛ss❡♠❜❧② ❛❧❣♦r✐t❤♠ ✇❤✐❝❤
❞✐r❡❝t❧② ❝♦♥str✉❝ts s❝❛✛♦❧❞s ❢r♦♠ r❡❛❞s✳
❈♦♠♣❛r❡❞ t♦ ♦t❤❡r ❣r❡❡❞② ❛♣♣r♦❛❝❤❡s✱ ♦✉r ❛♣♣r♦❛❝❤ t❛❦❡s ✐♥t♦
❛❝❝♦✉♥t ❜✐♦❧♦❣✐❝❛❧ ✈❛r✐❛♥ts✳ ❍❡♥❝❡✱ ✐t ❞♦❡s ♥♦t s✉✛❡r ❢r♦♠ ❞❡❣r❛❞❡❞
❝♦♥t✐❣✉✐t② ✇✐t❤ ❞✐♣❧♦✐❞ ❣❡♥♦♠❡s✳ Pr❡❧✐♠✐♥❛r② ❜❡♥❝❤♠❛r❦ r❡s✉❧ts ♦♥
s✐♠✉❧❛t❡❞ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛s❡ts ✐♥❞✐❝❛t❡ t❤❛t t❤✐s ♠❡t❤♦❞ ②✐❡❧❞s
❧♦♥❣❡r s❝❛✛♦❧❞s t❤❛♥ t✇♦ ❧❡❛❞✐♥❣ s❤♦rt r❡❛❞s ❛ss❡♠❜❧❡rs✳ ❲❡ ❝♦♥❥❡❝✲
t✉r❡ t❤❛t s❝❛✛♦❧❞❡rs ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ♣♦♣✉❧❛r ❛ss❡♠❜❧❡rs ❞♦ ♥♦t t❛❦❡
❢✉❧❧ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ✇❤♦❧❡ ❝♦♥t✐❣s ❣r❛♣❤✱ ❛s ♦✉r ❣r❡❡❞② tr❛✈❡rs❛❧
♦❜t❛✐♥s ❝♦♠♣❛r❛❜❧❡ r❡s✉❧ts✳ ❆❞❞✐t✐♦♥♥❛❧❧②✱ ♣r❛❝t✐❝❛❧ ❜❡♥❡✜ts ♦❢ t❤✐s
❛❧❣♦r✐t❤♠ ❛r❡ t✇♦❢♦❧❞✳ ■t ✐s ❡♠❜❛rr❛ss✐♥❣❧② ♣❛r❛❧❧❡❧✐③❛❜❧❡✱ ❛s s❝❛❢✲
❢♦❧❞s ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②✳ ■t ❛❧s♦ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛
❧❛r❣❡ ❣r❛♣❤ t♦ ❜❡ st♦r❡❞ ✐♥ ♠❡♠♦r②✱ ❛ s♠❛❧❧ ❣r❛♣❤ ✐s ❝♦♥str✉❝t❡❞ ❢♦r
❡❛❝❤ s❝❛✛♦❧❞✳
❆ ♥❛t✉r❛❧ ❢✉t✉r❡ ❞✐r❡❝t✐♦♥ ❢♦r t❤✐s ✇♦r❦ ✐s t♦ ❝♦♠♣❛r❡ t❤❡ ♣r♦✲
t♦t②♣❡ ✇✐t❤ ♠♦r❡ ❡①✐st✐♥❣ t♦♦❧s✱ ❡s♣❡❝✐❛❧❧② str✐♥❣ ❣r❛♣❤s ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥s✱ ♦♥ ❧❛r❣❡r ❞❛t❛s❡ts✳ ❚✇♦ ♦t❤❡r ❛s♣❡❝ts s❤♦✉❧❞ ❛❧s♦ ❜❡ ❝♦♥✲
s✐❞❡r❡❞✿ ✭✶✮ ❣❛♣✲❝❧♦s✐♥❣ ✐♥ s❝❛✛♦❧❞s ✐s ❛ ❦❡② st❡♣ ❢♦r ♦❜t❛✐♥✐♥❣ ❧♦♥❣
❝♦♥t✐❣s✳ ▼♦st ❝♦♠♣❧❡① r❡♣❡❛ts ✇❡r❡ ♥♦t r❡s♦❧✈❡❞ ❜② ♦✉r s✐♠♣❧❡ ♣❛t❤✲
✜♥❞✐♥❣ ♣r♦❝❡❞✉r❡✱ ❤❡♥❝❡ ❛ ♠♦r❡ ❡❧❛❜♦r❛t❡ ❛❧❣♦r✐t❤♠ ✐s ♥❡❡❞❡❞✳ ✭✷✮
■♥❝♦r♣♦r❛t✐♥❣ ♠❛t❡✲♣❛✐rs ✇✐t❤ ❧♦♥❣ ✐♥s❡rts ✐♥ ❣❡♥♦♠✐❝ ❣r❛♣❤s ✐s st✐❧❧
❛♥ ✉♥❛❞❞r❡ss❡❞ ❝❤❛❧❧❡♥❣❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡s❡ r❡❛❞s ❛r❡ ♣r♦❞✉❝❡❞
✇✐t❤ ❤✐❣❤❡r ✐♥s❡rt s✐③❡ ✈❛r✐❛❜✐❧✐t② ❛♥❞ ❧♦✇❡r ❝♦✈❡r❛❣❡ t❤❛♥ ♣❛✐r❡❞✲❡♥❞
r❡❛❞s✳ ▼❛t❡✲♣❛✐rs ❝❛♥♥♦t ❜❡ ✉s❡❞ ✐♥ ♦✉r ❝✉rr❡♥t ❢r❛♠❡✇♦r❦✱ ❜❡❝❛✉s❡
Pr♦♣❡rt② ✶ ❛❧♠♦st ♥❡✈❡r ❤♦❧❞s ❢♦r s✉❝❤ ❞❛t❛✳ ❆♥ ✐♠♠❡❞✐❛t❡ s♦❧✉✲
t✐♦♥ ✇♦✉❧❞ ❜❡ t♦ ♣❡r❢♦r♠ r❡✲s❝❛✛♦❧❞✐♥❣ ♦❢ s❝❛✛♦❧❞s ✉s✐♥❣ ♠❛t❡✲♣❛✐rs
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r❡❛❞s ✭♦✈❡r ✶✵✵ ❜♣✮✱ t❤❡ ❧❛♥❞s❝❛♣❡ ♦❢ ❛ss❡♠❜❧② s♦❢t✇❛r❡ ❤❛s t♦ ❛❞❛♣t
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♠❡♥t❛t✐♦♥s ❛♣♣❡❛r t♦ ❜❡ ✉♥❛❜❧❡ t♦ ❛ss❡♠❜❧❡ ❧♦♥❣ r❡❛❞s ✇✐t❤ q✉❛❧✲
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